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We study the emission of space-time waves produced by back-reaction effects during a collapse
of a spherically symmetric universe with a time dependent cosmological parameter, which is driven
by a scalar field. As in a previous work the final state avoids the final singularity due to the fact
the co-moving relativistic observer never reaches the center, because the physical time evolution
dτ = U0 dx
0, decelerates for a co-moving observer which falls with the collapse. The equation of
state of the system depends on the rate of the collapse, but always is positive: 0 < ω(p) < 0.25.
I. INTRODUCTION AND MOTIVATION
The study of a collapsing system is very important when the collapse is due to the gravitational field[1], on
astrophysical scales. On the other hand, a study of a collapsing system described by a fluid with a heat flux has
been treated in [2] and the dynamics of gravitational collapse with dissipation was studied in[3]. An interesting issue
to study is the evolution of the global topology of space time during a collapse driven by a scalar field that can
avoid the final singularity [4, 5]. Another case of great importance, but for cosmology, is the study of a cosmological
collapse, where the spherical symmetry is preserved. The former system can be described by a scalar field [6–8] that
drives an isotropic and homogeneous collapse. Recently, this issue was studied by the authors of this work[9], but
without taking into account the cosmological parameter, which we shall consider in this work as time dependent:
λ(t). During the collapse, back-reaction effects of space-time must be considered in order to describe the system in a
self-consistent manner. These fluctuations of space-time can be considered as multiple sources, statistically distributed
in the universe, that produce gravitational space-time waves during the collapse. Such that effects do not must be
confused with the emission of gravitational waves, which are emitted by a nonconservative quadrupolar momentum.
In this work we are interested in the study of the emission of space-time waves during the collapse of the universe in
which the time is considered as scale-dependent, as well as the cosmological parameter. The manuscript is organized
as follows: in Sect. II we revisit the study of boundary conditions when we variate the Einstein-Hilbert (EH) action.
In Sect. III we describe a collapse with variable timescale and a time dependent cosmological parameter λ(t), which
is driven by a scalar field φ. In Sect. IV we study an example in which the collapse describes a power-law scale factor
a(t), and λ(t) = 3(a˙/a)2. We study solutions for the waves of space-time during this collapse. Finally, in Sect. V, we
develop some final comments.
II. PHYSICAL SOURCES FROM BOUNDARY CONDITIONS REVISITED
In geometrodynamics[10, 11] physical entities are not considered as immersed in geometry, but are regarded as
manifestations of geometry, propertly. Under certain conditions, the boundary conditions must be considered in the
variation of the action[12]. In the event that a manifold has a boundary ∂M, the action should be supplemented by
a boundary term, in order for it to be well defined[13]. However, there is another way[14, 15] to include the flux that
cross a 3D-hypersurface that encloses a physical source without the inclusion of another term in the Einstein-Hilbert
(EH) action.
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2A. Variation of the Einstein-Hilbert action with variable cosmological constant
We consider the variation of the Einstein-Hilbert (EH) action:
IEH =
∫
d4x
√−g
(
R
2 κ
+ Lm
)
, (1)
with respect to the metric tensor
δIEH =
1
2κ
∫
d4x
√−g
[
δgαβ
(
Rαβ − g¯αβ
2
R + κTαβ
)
+ g¯αβδRαβ
]
= 0, (2)
where the stress tensor Tαβ is defined in terms of the variation of the Lagrangian
Tαβ = 2
δLm
δgαβ
− g¯αβ Lm, (3)
and describes the physical matter fields. By considering a flux δΦ of δWα across the 3D closed hypersurface ∂M , we
obtain that: g¯αβδRαβ = ∇αδWα = δΦ, with δWα = δΓαβγ g¯βγ − δΓǫβǫg¯βα = g¯βγ∇αδΨβγ [17].
In order for calculate δRαβ , we shall use the Palatini identity[16]
δRαβγα = δRβγ =
(
δΓαβα
)
|γ
− (δΓαβγ)|α , (4)
where ”|” denotes the covariant derivative on the extended manifold, which is described by the connections
Γαβγ =
{
α
β γ
}
+ δΓαβγ =
{
α
β γ
}
+ b σαgβγ . (5)
The last term is a geometrical displacement δΓαβγ = b σ
α gβγ with respect to the background (Riemannian) manifold,
described with the Levi-Civita connections. The particular case b = 1/3 guarantees the integrability of boundary
terms in (2). Here, σ(xα) is a scalar field. In that follows we shall denote: σα ≡ σ,α as the ordinary partial
derivative of σ with respect to xα. The condition of integrability expresses that we can assign univocally a norm to
any vector in any point, so that it must be required that g¯αβδRαβ = ∇αδWα. In the background must be fulfilled:
∆gαβ = g¯αβ;γdx
γ = 0. However, on the extended manifold, we obtain
δgαβ = g¯αβ|γdx
γ = −1
3
(σβ g¯αγ + σαg¯βγ)dx
γ , (6)
where g¯αβ|γ denotes the covariant derivative on the extended manifold. Therefore, the variation of the Ricci tensor
on the extended manifold will be
δRαβ = (δΓ
ǫ
αǫ)|β − (δΓǫαβ)|ǫ =
1
3
[
∇βσα + 1
3
(σασβ + σβσα)− g¯αβ
(
∇ǫσǫ + 2
3
σνσ
ν
)]
. (7)
such that the variation of the scalar curvature is: δR = ∇µδWµ = −
[∇µσµ + 23σµσµ]. Therefore, the extended
Einstein tensor δGαβ = δRαβ − g¯αβ δR, will be
δGαβ =
1
3
[
∇βσα + 1
3
(σασβ + σβσα) +
1
2
g¯αβ∇ǫσǫ + 1
3
g¯αβσνσ
ν
]
. (8)
Hence, if we require that δGαβ = −Λ g¯αβ, we obtain that δG = g¯αβ δGαβ is
δG = −4Λ (σ, σµ) . (9)
Therefore, the functional Λ (σ, σµ) will be given by
Λ (σ, σµ) = −1
4
[
σ +
2
3
σµσ
µ
]
. (10)
It is expected that the expectation value of Λ (σ, σµ) provide us the value of the cosmological parameter on the
background metric.
3B. Extended Einstein’s equations and waves of space-time
A very important fact is that the fields δW¯α are invariant under gauge-transformations δW¯α = δWα−∇αδΦ, where
δΦ satisfy δΦ = 0. In this work we shall consider a collapsing universe that is isotropic and homogenous. Due to
this fact, it is possible to define the redefined background Einstein’s tensor
G¯αβ = Gαβ − λ(t) g¯αβ , (11)
where
λ(t) ≡ 〈Λ (xµ)〉 =
∮
dΣ
√−g¯ Λ (xµ) , (12)
such that dΣ is the differential of the closed hypersurface given by the cyclic coordinates. They are coordinates on
which the background metric tensor g¯αβ , are independent. In the case of a FRW metric with null space curvature,
which is the case of interest in our present work, the cyclic coordinates are the spatial ones, so that 〈Λ (xµ)〉 will be
a function only of time t: λ(t) = 〈Λ (xµ)〉. Because Λ has a quantum origin, we must be more specific about the
meaning of 〈Λ (xµ)〉 ≡ 〈B |Λ (xµ)|B〉. It is calculated as the expectation value on a Riemann background described
by the Levi-Civita symbols in (5). In our case the background quantum state can be represented in a ordinary Fock
space in contrast with Loop Quantum Gravity[18, 19], where operators are qualitatively different from the standard
quantization of gauge fields1. Notice that the transformation (11) preserves the EH action, and
G¯αβ = −κ T¯αβ. (15)
The flux that cross the 3D-gaussian hypersurface, δΦ, is related to the cosmological parameter λ(t), and the variation
of the scalar field: δσ:
δΦ = −4
3
λ(t) δσ. (16)
The field χ(xǫ) ≡ g¯µνχµν is a classical scalar field, such that χµν = δΨµνδS describes the waves of space-time produced
by the source through the 3D-Gaussian hypersurface
χ =
δΦ
δS
. (17)
Furthermore, the differential operator that acts on χ in (17), must be understanding as the wave differential operator
on the background metric:  ≡ g¯αβ∇α∇β .
C. Quantization of σ
The scalar field Λ can be considered a functional on the extended manifold described by Γαβθ in (5): Λ (σ, σα) =
− 14
(
σ + 23σασ
α
)
, on which behaves as a functional. By defining the action
W =
∫
d4x
√−g¯ Λ(σ, σα). (18)
1 We can define the operator
δxˆα(t, ~x) =
1
(2π)3/2
∫
d3k eˇα
[
bk xˆk(t, ~x) + b
†
k xˆ
∗
k(t, ~x)
]
,
such that b†k and bk are the creation and destruction operators of space-time, such that
〈
B
∣∣∣[bk, b†k′
]∣∣∣B〉 = δ(3)(~k − ~k′) and eˇα =
ǫαβγδ eˇ
β eˇγ eˇδ, where
dxα |B〉 = U¯αdS |B〉 = δxˆα(xβ) |B〉 , (13)
in order to
dS2 δBB′ =
(
U¯αU¯
α
)
dS2 δBB′ =
〈
B |δxˆαδxˆ
α|B′
〉
. (14)
4If we require that δW = 0 we obtain that σ is a free scalar field on the extended manifold: σ = 0. The scalar field
σ describes the back reaction effects which leaves invariant the action:
IEH =
∫
d4x
√−g¯
[
R¯
2κ
+ L¯
]
=
∫
d4x
[√−g¯e− 23σ] {[ R¯
2κ
+ L¯
]
e
2
3
σ
}
, (19)
and if we require that δSEH = 0, we obtain
− δV
V
=
δ
[
R¯
2κ + L¯
]
[
R¯
2κ + L¯
] = 2
3
δσ, (20)
where δσ = σµdx
µ is an exact differential and V =
√−g¯ is the volume of the Riemannian manifold. The canonical
geometrical momentum is Πα = δΛδσα = − 14σα, and therefore the dynamics of σ describes a free scalar field. Therefore,
if we define the scalar invariant Π2 = ΠαΠ
α, we obtain that
[
σ,Π2
]
=
1
16
{σα [σ, σα] + [σ, σα]σα} = 0, (21)
hence, the relativistic quantum algebra will be given by[14, 15]
[σ(x), σα(y)] = −iΘα δ(4)(x− y), [σ(x), σα(y)] = iΘα δ(4)(x − y), (22)
where Θα = ~ U¯α and ΘαΘ
α = ~2U¯α U¯
α for the Riemannian components of the relativistic velocity U¯α = dx
α
dS .
III. COLLAPSE WITH VARIABLE TIMESCALE REVISITED AND A TIME DEPENDENT
COSMOLOGICAL PARAMETER
As in a previous work, we shall consider a variable timescale in a collapsing spatially flat, isotropic and homogeneous
universe. The line element can be represented as
dS2 = e−2
∫
Γ(t) dtdt2 − a20 e2
∫
h(t)dt δij dx
idxj . (23)
The metric (23) describes the background, so that h(t) < 0 is the collapse rate parameter on the background metric
and Γ(t) describes the time scale of the background metric. We shall use natural units: c = ~ = 1. The metric tensor
(in cartesian coordinates), with back-reaction effects included, is
gµν = diag
[
g¯00 e
2σ/3, g¯11 e
−2σ/3, g¯22 e
−2σ/3, g¯33 e
−2σ/3
]
, (24)
which preserves the invariance of the E-H action. In order to describe a collapse, we shall consider the action for a
scalar field φ which is minimally coupled to gravity
I =
∫
d4x
√−g¯
{
R¯
16piG
−
[
φ˙2
2
e2
∫
Γ(t) dt − V (φ)
]}
, (25)
where the collapse is driven by a scalar field, with a scalar potential V (φ). The volume of the background manifold
is v¯ =
√−g¯ = a30 e−
∫
Γ(t) dt e3
∫
H(t) dt. The action (25) can be rewritten as
I =
∫
d4x
√−g¯ e2
∫
Γ(t) dt
{
R˜
16piG
−
[
φ˙2
2
− V˜ (φ)
]}
, (26)
that can be considered as an action for a minimally coupled to gravity scalar field on a effective background volume
v˜ =
√−gˆ e2
∫
Γ(t) dt, a redefined potential V˜ (φ) = V (φ) e−2
∫
Γ(t) dt, and an effective scalar curvature R˜ = R¯ e−2
∫
Γ(t) dt.
The effective volume of the background manifold in (26), is v˜ =
√−g¯ e2
∫
Γ(t) dt = a30 e
∫
Γ(t) dt e3
∫
h(t) dt. The dynamics
of the scalar field φ is given by
φ¨+ [3h(t) + Γ(t)] φ˙+
δV¯
δφ
= 0. (27)
5The background Einstein equations, are
3h2 + λ(t) = 8piGρ, (28)
−
[
3h2 + 2h˙+ 2Γh+ λ(t)
]
= 8piGP, (29)
where P =
(
φ˙2
2 − V¯ (φ)
)
e2
∫
Γ(t) dt is the pressure and ρ =
(
φ˙2
2 + V¯ (φ)
)
e2
∫
Γ(t) dt the energy density due to the
scalar field. In a collapsing system, the pressure will be negative, but the kinetic component of the energy density will
be significative during the evolution of the system. The equation of state that describes the dynamics of the system
is:
ω =
P
ρ
= −

1 + 2
(
h˙+ Γh
)
3h2 + λ

 . (30)
From the physical point of view, if we consider a co-moving frame where U¯0 = ±√g¯00 and U¯j = 0, such that j can
take the values j = 1, 2, 3, the relativistic velocity, U¯0 = dx
0
dS , will describe the rate of time suffered by a relativistic
observer which is falling with the collapse of the system, for an observer which is in a non-inertial frame. Notice that
the velocity will always hold the expression: g¯µν U¯
µ U¯ν = 1.
IV. WAVES OF SPACE-TIME FROM THE COLLAPSE
We consider the equation for the waves of space-time: χ
χ = −4
3
U¯0λ(t)σ˙, (31)
where U¯0 = x
0
dS =
√
g¯00 is the unique relativistic nonzero component. In our model, we shall consider that h(t) = −pt ,
λ(t) = 3h2 = 3p2/t2 and Γ(t) = αt . Using the Einstein equations (28) and (29), with the dynamical equation for φ
(27), we obtain that the parameter α can take the following values:
α± =
15p2 + p±
√
225p4 + 174p3 + 49p2
8p
, (32)
where only the α+ is positive, so that α− will be neglected in our treatment. In this case the equation of state for
the system is:
ω = −
[
1 +
2(1− α)
6p
]
. (33)
In the figure (1) we have plotted ω(p) as a function of the collapse’s rate: p > 0. Notice that ω > 0, and for largest
p-values tends to limα(p)p→∞ → 0.25. Furthermore, the potential and the scalar field φ(t) are respectively given by
V˜ =
e−2
∫
Γ(t)
8piG
[
3h2(t) + h˙(t) + Γ(t)h(t) + λ(t)
]
, (34)
φ(t) = − 1
α
√
p(α− 1)
4piG
[(
t
t0
)−α
− 1
]
, (35)
where, in order to φ be real we must impose that α > 1, which implies that
p > 0. (36)
Because both, χ and σ can be expanded into Fourier series:
χ(xα) =
1
(2pi)3/2
∫
d3k
[
Ak e
i~k.~xΘk(t) + c.c.
]
, (37)
σ(xα) =
1
(2pi)3/2
∫
d3k
[
Bk e
i~k.~x ζk(t) + c.c.
]
, (38)
6where ζk(t) are the time dependent modes of the field σ, which once normalised, are:
ζk(t) = i
√
pit
2pa30
H(2)0 [f(t)] , (39)
where H(1,2)µ [f(t)] = Jµ[f(t)]± iYµ[f(t)] are the first and second kind Hankel functions written in terms of the Bessel
ones: Jµ[f(t)] and Yµ[f(t)]. The argument of these functions is f(t) = k(t/t0)
−2p
2a0 p
. Therefore, once replacing ζk(t), we
obtain the equation of motion for Θk(t)
a20e
2
∫
h(t)dtΘ¨k(t)h(t) +
(
3a20e
2
∫
h(t)dt(t)h(t) + a20e
2
∫
h(t)dtΓ(t)
)
Θ˙k(t) + k
2Θk(t)
+
a20Bk
Ak
e−
∫
Γ(t)dt+2
∫
h(t)dtλ(t)ζ˙k(t) = 0. (40)
Therefore, the last equation will take the form
a20 (t/t0)
−2p
Θ¨k(t) + (α− 3p) a20 (t/t0)−2p−1 Θ˙k(t) + k2 (t/t0)−2αΘk(t)
+
3i a20p
2√pi kBk (t/t0)−α−2p−5/2
Ak
( √
2
4
√
pa30
H(2)0 [f(t)] +
1√
2p a50
(t/t0)
−(2p) H(2)1 [f(t)]
)
= 0.
(41)
In order for solve this equation we must approach in the limit case where f(t) ≫ 1 2, corresponding to small
wavelengths. The general solution for the differential equation (41), is:
Θk(t) = Θk(t)hom +Θ
(p)
k (t), (44)
where the homogeneous solution is
Θk(t)hom = h1 (t/t0)
3p+1−α
2 Jµ [A(t)] + h2 (t/t0)
3p+1−α
2 Yµ [A(t)] . (45)
In order to obtain a solution to the physical problem in which the waves are produced by the source, the homogeneous
solution must be null, so that we impose h1 = h2 = 0. The particular solution, which is due to the flux on 3D-closed
hypersurfaces, is
Θ
(p)
k (t) = C1
[
(1− i)γ1(k) (t/t0)C+E+1/2−4p
C + E + 1/2− 4p +
(1 − i)γ2(k) (t/t0)C+E+1/2−2p
C + E + 1/2− 2p +
(1 + i)γ3(k) (t/t0)
p+1+C+E+1/2−α
p+ 1 + C + E + 1/2− α
+
(1− i)γ4(k) (t/t0)−α−p+1+C+E+1/2
1 + C + E + 1/2− α− p +
[(1 + i)γ5(k) + (1− i)γ6(k)] (t/t0)C+E+1/2
C + E + 1/2
]
Jµ[A(t)]
− C2
[
(1 + i)γ1(k) (t/t0)
C+E+1/2−4p
C + E + 1/2− 4p +
(1 + i)γ2(k) (t/t0)
C+E+1/2−2p
C + E + 1/2− 2p +
(1− i)γ3(k) (t/t0)p+1+C+E+1/2−α
p+ 1 + C + E + 1/2− α
+
(1 + i)γ4(k) (t/t0)
1+C+E+1/2−α−p
1 + C + E + 1/2− α− p +
[(−1 + i)γ5(k) + (1 + i)γ6(k)] (t/t0)C+E+1/2
C + E + 1/2
]
Yµ[A(t)], (46)
where the argument of the Bessel functions, is
A(t) =
k (t/t0)
p+1−α
a0(α− p− 1) , (47)
2 We use the asymptotic expressions for the Bessel functions, for f(t) ≫ 1, which are
Jµ [A(t)] ≈
√
2
πA(t)
cos
(
A(t) −
µπ
2
−
π
4
)
, (42)
Yµ [A(t)] ≈
√
2
πA(t)
sin
(
A(t) −
µπ
2
−
π
4
)
. (43)
7and
µ =
α− 3p− 1
2(p− α+ 1) , C =
α− 5p− 5
2
, D =
α− 9p− 5
2
, E = −α+ 3p+ 1,
γ1(k) =
k2
8a20p
2
, γ2(k) =
pik(α− 3p− 1)
4a0p(α− p− 1) , γ3(k) =
2k
a0(α− p− 1) , γ4(k) =
k2
a20p(α− p− 1)
,
γ5(k) =
pi(α − 3p− 1)
2(α− p− 1) , γ6(k) =
pi2α
16(α− p− 1)2 , C1 =
p
√
a50p
α− p− 1 , C2 =
2kp
√
a30p
α− p− 1 . (48)
In the figures (2) and (3) we have plotted the solutions Θk(t), for two different wavenumbers k = 320/a0 and
k = 640/a0, as a function of time. Notice that in both cases the frequency tends to zero with the collapse. However,
solutions with biggest wavenumbers oscillates more. In the figure (4) was plotted the absolute value |Θk(t)| for
k = 640/a0. Notice that the amplitude of the waves of space-time decreases with time during the collapse.
V. FINAL COMMENTS
We have studied the production of space-time waves by back-reaction effects in a collapsing system, which is isotropic
and homogenous and hence can be described by a scalar field. By considering the boundary conditions in the minimum
action principle, we have included a time dependent cosmological parameter λ(t). During the collapse, the equation
of state is dependent of the rate of contraction p, but for positive p-values, ω(p) always remains below its asymptotic
value: 0 < ω(p) < limωp→∞ → 0.25. To describe the system, we have considered a time dependent cosmological
parameter λ(t) = 3(a˙/a)2. Since the system is characterised by a variable time-scale dτ = U0 dx
0 =
√
g¯00 dx
0 that
decelerates as the observer falls with the collapse, so that for a co-moving observer the final singularity is avoided
never reaching the center of the sphere. During the process the amplitude of space-time waves emitted decreases with
time, as well as the frequency of the waves.
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